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Abstract
A graph is called a split graph if its vertex set can be partitioned into a clique and an independent set. In this work, we
investigate three vulnerability parameters of split graphs when edges are removed, i.e., edge-connectivity, edge-toughness and
edge-integrity. It is proved that, for a noncomplete connected split graph G, its edge-connectivity is δ(G), and its edge-toughness is
min
{
δ(G), |E(G)||V (G)|−1
}
, where δ(G), V (G) and E(G), are the minimum degree, the vertex set and the edge set of G, respectively.
Furthermore, we show that the edge-integrity of a noncomplete connected split graph equals its order when its minimum degree is
greater than half of the size of its largest clique.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
All graphs considered in this work are finite and simple. We use [1] for terminology and notation not defined here.
Let G = (V , E) be a graph. We use ω(G) for the number of components of G, and τ (G) for the order of a largest
component of G. A subset X of V (resp. E), is called a vertex cut (resp. edge cut) if ω(G − X) > ω(G). Let S1
and S2 be two subsets of V . By [S1, S2], we denote the set of edges with one end in S1 and the other end in S2. The
connectivity, edge-connectivity and minimum degree of G are denoted by κ(G), κ ′(G) and δ(G), respectively.
A graph G = (V , E) is called a split graph if its vertex set V can be partitioned into a clique C and an
independent set I . Usually, the split graph G is denoted by G = (C, I, E). If N(I ) = C , then by choosing a vertex
v ∈ C \ N(I ), and replacing C by C \ {v} and I by I ∪ {v}, G can be rewritten as G = (C \ {v}, I ∪ {v}, E), in which
N(I ∪ {v}) = C \ {v}. Hence, in the following we always assume that N(I ) = C for any split graph G = (C, I, E).
In the past few decades, a number of graph parameters have been introduced for measuring the vulnerability of
networks. Among them, two basic parameters, the connectivity and edge-connectivity have been frequently used,
whereas, in some circumstances, they are not sufficient for measuring the vulnerability of networks, since they do not
take account of what remains after the corresponding graph is disconnected. Recently, several other parameters have
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been proposed for coping with this problem, including toughness and edge-toughness, scattering number, integrity
and edge-integrity, tenacity and edge-tenacity, and rupture degree. Unlike the connectivity measures, each of these
new parameters shows not only the difficulty of breaking down the network but also the damage that has been caused.
For most of the above parameters, the corresponding computing problem is NP-hard. So it is of interest to give
formulae or algorithms for computing these parameters for special classes of graphs. In [2], by rewriting the problem
of computing the toughness of a split graph as minimization of a submodular function, Woeginger proved that the
problem can be solved in polynomial time. Following this idea, Zhang et al. [3] proved that the scattering number of
split graphs can also be computed in polynomial time. And in the same paper, the authors gave formulae for computing
the integrity, tenacity and rupture degree of split graphs.
When investigating the vulnerability of networks, it is clear that we need only consider connected graphs. On the
other hand, a network with a complete graph as its framework is one in which each pair of communication nodes are
connected by a direct line. So, in the following, we only consider noncomplete connected graphs.
Our aim in this work is to study similar problems for edge vulnerability parameters of split graphs. In Section 2, we
prove that, for a noncomplete connected split graph, its edge-connectivity equals its minimum degree. In Section 3, a
formula for computing the edge-toughness of noncomplete connected split graphs is presented. Finally, in Section 4,
we show that the edge-integrity of a noncomplete connected split graph equals its order when its minimum degree is
greater than half of the size of its largest clique.
2. Edge-connectivity of split graphs
The following result is well known.
Lemma 1 ([4]). For any graph G, κ(G) ≤ κ ′(G) ≤ δ(G).
Theorem 1. Let G = (C, I, E) be a noncomplete connected split graph. Then κ(G) = δ(G).
Proof. Suppose that there exists a vertex cut X∗ of G with |X∗| < δ(G). Then X∗ ∩ C is also a vertex cut of G. By
the definition of split graphs, there must be a vertex u ∈ I such that it is a component of G − X∗ ∩ C . Thus, we have
d(u) ≤ |X∗ ∩ C| ≤ |X∗| < δ(G), a contradiction. 
From Lemma 1, we have
Corollary 1. Let G = (C, I, E) be a noncomplete connected split graph. Then κ ′(G) = δ(G).
3. Edge-toughness of split graphs
The edge-toughness of a noncomplete connected graph G, denoted by t ′(G), is defined as
t ′(G) = min
{ |X |
ω(G − X) − 1 : X is an edge cut of G
}
.
This concept, introduced by Gusfield [5], is motivated by the following theorem of Tutte and Nash-Williams [6,7]:
Theorem 2 ([6,7]). A graph G has k edge-disjoint spanning trees if and only if |X | ≥ k(ω(G − X) − 1) for every
subset X of E(G).
One of the motivations for studying the edge-toughness of a graph is that it can be used as a more refined measure
of graph vulnerability than that based on edge-connectivity (see [5]). The quantity ω(G − X) − 1 can be interpreted
as the number of additional components that are created by removing a set X of edges from a connected graph
G. Then the set that minimizes |X |
ω(G−X)−1 is the set whose removal minimizes the number of edges deleted, per
additional component created. The smaller the edge-toughness, the more vulnerable the graph, in the sense that more
components will be created by fewer edge deletions. The edge-toughness becomes a more significant measurement in
comparing the vulnerability of two graphs when they have the same edge-connectivity. In [8], Cunningham proposed
another vulnerability measure, the strength of a graph, which is a generalization of the edge-toughness, and proved
that there exist polynomial algorithms for computing the strength of a graph. For split graphs, here we show that the
edge-toughness can be obtained directly from a formula.
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Theorem 3. Let G = (C, I, E) be a noncomplete connected split graph. Then t ′(G) = min{δ(G), |E(G)||V (G)|−1 }.
Proof. Let u be a vertex of minimum degree. If u ∈ C , then by our assumption N(I ) = C and the definition of split
graphs, we have d(u) ≥ |C| ≥ δ(G). If d(u) = δ(G), then δ(G) = |C|, and u is adjacent to exactly one vertex v in I .
Since G is noncomplete, there must be another vertex w ∈ I such that uw ∈ E(G). This implies that d(w) < δ(G), a
contradiction. So, if u is a vertex of minimum degree, then u ∈ I . Let Xu denote the set of edges incident with u. Then
Xu is an edge cut and |Xu |ω(G−Xu )−1 = δ(G). On the other hand, E(G) is an edge cut and
|E(G)|
ω(G−E(G))−1 = |E(G)||V (G)|−1 . So,
there always exists an edge cut X∗ with |X
∗|
ω(G−X∗)−1 = min{δ(G), |E(G)||V (G)|−1 }.
Let X be an arbitrary edge cut of G. In the following, we will prove that |X |
ω(G−X)−1 ≥ min{δ(G), |E(G)||V (G)|−1 } always
holds. We distinguish three cases.
Case 1. X ⊆ [C, I ].
It is clear that the components of G − X can be divided into two classes. One class contains only one component,
which includes all vertices of C , while in the other class, every component is a vertex of I . Suppose that there are k2
components in the second class. Then |X | ≥ k2δ(G) and ω(G − X) = k2 + 1. Thus
|X |
ω(G − X) − 1 ≥
k2δ(G)
(k2 + 1) − 1 = δ(G).
Case 2. X ⊆ E(C).
Denote the components of G − X by G1, G2, . . . , Gk and Ci = V (Gi ) ∩ C for i = 1, 2, . . . , k. Since N(I ) = C ,
each component Ci must contain at least one vertex vi ∈ I . Clearly N(vi ) ⊆ Ci . So δ(G) ≤ d(vi ) ≤ |Ci |. Then we
have |X | ≥ k(k−1)2 δ(G)2. Thus,
|X |
ω(G − X) − 1 ≥
k(k−1)
2 δ(G)
2
k − 1 =
k
2
δ(G)2 ≥ δ(G)2 ≥ δ(G).
Case 3. X ∩ [C, I ] = ∅ and X ∩ E(C) = ∅.
As in the proof of Case 2, we denote the components of G − X by G1, G2, . . . , Gk and let Ci = V (Gi ) ∩ C for
i = 1, 2, . . . , k.
Case 3.1. |Ci | ≥ δ(G) for some i with 1 ≤ i ≤ k.
Without loss of generality, we assume |Ci | ≥ δ(G) for i = 1, 2, . . . , k1, 0 < |Ci | < δ(G) for i = k1 + 1,
k1 + 2, . . . , k1 + k2 and |Ci | = 0 for i = k1 + k2 + 1, k1 + k2 + 2, . . . , k1 + k2 + k3 = k. It is easy to see that
|X | ≥ k1(k1 − 1)
2
δ(G)2 + k1k2δ(G) + k2(k2 − 1)2 + k3δ(G)
≥ k1(k1 − 1)
2
δ(G)2 + k1k2δ(G) + k3δ(G).
Then we have
|X |
ω(G − X) − 1 ≥
k1(k1−1)
2 δ(G)
2 + k1k2δ(G) + k3δ(G)
(k1 + k2 + k3) − 1
=
k1(k1−1)
2 δ(G) + k1k2 + k3
(k1 + k2 + k3) − 1 δ(G).
It is not difficult to check that the inequality
k1(k1 − 1)
2
δ(G) + k1k2 + k3 ≥ (k1 + k2 + k3) − 1
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holds for any positive integers k1 and δ(G), and any nonnegative integers k2 and k3. So we have
|X |
ω(G − X) − 1 ≥ δ(G).
Case 3.2. |Ci | < δ(G) for i = 1, 2, . . . , k.
Suppose that |V (Gi )| ≥ 2 for i = 1, 2, . . . , k1, |V (Gi )| = 1 and V (Gi ) ⊆ C for i = k1 + 1, k1 + 2, . . . , k1 + k2,
and |V (Gi )| = 1 and V (Gi ) ⊆ I for i = k1 + k2 + 1, k1 + k2 + 2, . . . , k1 + k2 + k3 = k. Then Gi must contain at
least one vertex of C when i = 1, 2, . . . , k1.
If k1 = 0, then X = E(G) and ω(G − X) = |V (G)|. This implies that
|X |
ω(G − X) − 1 ≥
|E(G)|
|V (G)| − 1 .
So we assume k1 ≥ 1.
Let l = min{|Ci | : i = 1, 2, . . . , k1}. Without loss of generality, assume |C1| = l and let |V (G1)| = n1. Thus
0 < l < δ(G). So we have
|X | ≥ k1(k1 − 1)
2
l2 + k1k2l + k2(k2 − 1)2 + k3δ(G)
≥ k1(k1 − 1)
2
l2 + k1k2l + k3l.
Set X1 = X ∪ E(G1). Then |X1| ≤ |X | + l
(
n1 − l+12
)
and ω(G − X1) = ω(G − X) + n1 − 1 hold. Therefore,
|X |
ω(G − X) − 1 −
|X1|
ω(G − X1) − 1
≥ |X |
(k1 + k2 + k3) − 1 −
|X | + l
(
n1 − l+12
)
(k1 + k2 + k3) − 1 + n1 − 1
= (n1 − 1)|X | − (k1 + k2 + k3 − 1)l(n1 −
l+1
2 )
(k1 + k2 + k3 − 1)(k1 + k2 + k3 + n1 − 2)
≥
(n1 − 1)
(
k1(k1−1)
2 l
2 + k1k2l + k3l
)
− (k1 + k2 + k3 − 1)l
(
n1 − l+12
)
(k1 + k2 + k3 − 1)(k1 + k2 + k3 + n1 − 2)
=
(n1 − 1)
(
k1(k1−1)
2 l + k1k2 + k3
)
− (k1 + k2 + k3 − 1)
(
n1 − l+12
)
(k1 + k2 + k3 − 1)(k1 + k2 + k3 + n1 − 2) l.
Since k1 and l are positive integers, k2 and k3 are nonnegative integers, we have (n1 − 1) ≥
(
n1 − l+12
)
,
k1(k1−1)
2 l ≥ k1 − 1, and k1k2 + k3 ≥ k2 + k3. Therefore,
(n1 − 1)
(
k1(k1 − 1)
2
l + k1k2 + k3
)
− (k1 + k2 + k3 − 1)
(
n1 − l + 12
)
≥ 0.
Thus, we get
|X |
ω(G − X) − 1 ≥
|X1|
ω(G − X1) − 1 .
If k1 = 1, then X1 = E(G) and ω(G − X1) = |V (G)|. Then
|X |
ω(G − X) − 1 ≥
|X1|
ω(G − X1) − 1 ≥
|E(G)|
|V (G)| − 1 .
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If k1 > 1, then G − X1 has k1 − 1 components with at least two vertices, and each component of G − X1 has less
than δ(G) vertices. Repeating the above process, we can get a sequence of edge cuts X1, X2, . . . , Xk1 such that
|X |
ω(G − X) − 1 ≥
|X1|
ω(G − X1) − 1 ≥ · · · ≥
|Xk1 |
ω(G − Xk1 ) − 1
,
Xk1 = E(G) and ω(G − Xk1 ) = |V (G)|. So we have
|X |
ω(G − X) − 1 ≥
|E(G)|
|V (G)| − 1 .
This completes the proof. 
Corollary 2. Let G = (C, I, E) be a noncomplete connected split graph. If |C| ≥ 2δ(G), then t ′(G) = δ(G).
4. Edge-integrity of split graphs
For a graph G = (V , E), its edge-integrity I ′(G) is defined as
I ′(G) = min{|X | + τ (G − X) : X ⊆ E}.
This concept was introduced by Barefoot et al. [9]. The problem of computing the edge-integrity of general graphs is
NP-hard [10].
Theorem 4 ([11]). Let G be a graph of diameter 2. Then I ′(G) = |V (G)|.
It is easy to see that the diameter of every split graph is at most 3. For a split graph G = (C, I, E), if |C| < 2δ(G),
then its diameter is 2. So we have
Theorem 5. Let G = (C, I, E) be a noncomplete connected graph with minimum vertex degree δ(G). If |C| <
2δ(G), then I ′(G) = |V (G)|.
From Corollary 2 and Theorem 5, we see that for any split graph G, at least one of the equalities t ′(G) = |E(G)||V (G)|−1
and I ′(G) = |V (G)| holds.
Remark 1. The result in Theorem 5 is the best possible. Let G = (C, I, E) be the split graph with C =
{u1, u2, . . . , u p, u′1, u′2, . . . , u′p}, I = {v1, v2, . . . , vp2−p+1, v′1, v′2, . . . , v′p2−p+1}, N(vi ) = {u1, u2, . . . , u p} and
N(v′i ) = {u′1, u′2, . . . , u′p} for i = 1, 2, . . . , p2 − p + 1. Then it is easy to see that |C| = 2 p = 2δ(G) and
I ′(G) = 2 p2 + 1 < 2 p2 + 2 = |V (G)|.
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